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Conserved laws and dynamical structure of axions coupled to photons
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Departamento de Ciencias F´ısicas, Universidad Andres Bello, Sazie´ 2212, Piso 7, Santiago, Chile.
In this work, we carry out a study of the conserved quantities and dynamical structure of the
four-dimensional modified axion electrodynamics theory described by the axion-photon coupling.
In the first part of the analysis, we employ the covariant phase space method to construct the con-
served currents and to derive the Noether charges associated with the gauge symmetry of the theory.
We further derive the improved energy-momentum tensor using the Belinfante-Rosenfeld procedure,
which leads us to the expressions for the energy, momentum, and energy flux densities. Thereafter,
with the help of Faddeev-Jackiw’s Hamiltonian reduction formalism, we obtain the relevant funda-
mental brackets structure for the dynamic variables and the functional measure for determining the
quantum transition amplitude. We also also confirm that modified axion electrodynamics has three
physical degrees of freedom per space point. Moreover, using this symplectic framework, we yield
the gauge transformations and the structure of the constraints directly from the zero-modes of the
corresponding presymplectic matrix.
I. INTRODUCTION
Axions have received increased attention lately as a natural candidate to search for new physics effects, which
may help us to shed light on the yet unanswered questions of contemporary physics. In the context of high-energy
physics, the axion is a dynamical scalar degree of freedom, which was first suggested to solve the strong CP problem
via the Peccei-Quinn mechanism [1–5]. A remarkably feature of the axions and/or axion-like particles (collectively
referred to as ‘axions’ hereafter) is the axion-photon mixing and oscillation in the presence of strong magnetic fields
[6]. In topological insulators, a class of phases of matter which is of purely topological origin [7], the axion has played
an important role in the field theory description of various exotic physical effects that have not been observed yet
in ordinary materials, such as the image magnetic monopole charge [8], quantized Faraday and Kerr rotations [9],
anomalous Hall effect [10], and axionic polariton [11] to mention a few examples. Meanwhile, within the context of
cosmology; the axion turns out to be the most plausible candidate to form the dark matter candidate that dominates
the matter density of our Universe [12–15]. More recently, it has been suggested that the dynamics of primordial
magnetic fields at early times could be explained by photon-axion conversion [16]. Even more, the axion not only
is a dark matter candidate and/or a source of magnetic field, but it also provides a unique window to explore a
theoretical prediction of string theories. Such theories predicts a plethora of very light particles that may couple to
electromagnetic fieds in a similar fashion as the axion. The Universe which is filled with such axions is called string
axiverse [17].
From the experimental point of view, it is worth commenting that the axion proposed in condensed matter systems
has the advantage that it can be observed in controlled experimental settings [18, 19], whereas within high-energy
physics context various experiments such as the Axion Dark Matter eXperiment (ADMX) have been designed to
detect them via their conversion into microwave photons in a resonant cavity immersed in a static magnetic field
[20–22]. However, they have not been detected yet.
Along these lines, it is widely known that the axion develop couplings to photons, whose dynamics can be generally
described by adding a (3+1)−dimensional topological term of the form LAxion ∝ θǫ
µναβFµνFαβ to the usual Maxwell
Lagrangian LMaxwell ∝ F
µνFµν , where θ is the axion and Fµν stands for the electromagnetic field strength tensor.
The resulting effective theory is usually referred to as axion electrodynamics, or more generally, modified axion
electrodynamics. It is worth commenting that when θ is static, as is the case in a time-reversal invariant topological
insulator [7], the term SAxion turns out to be a full divergence ∂µJ
µ
C-S of the four-dimensional Chern-Simons current
J µC-S = ǫ
µναβAνFαβ , which does not contribute to Maxwell’s equations, as can be readily seen after using the Bianchi
identity ǫαβµν∂βFµν = 0, which leaves invariant the dynamics. This means that the modifications to classical field
equations arise only when θ is dynamical, i.e. when ∂αθ 6= 0. To our knowledge, the LAxion term can also be
written, up to the boundary term, as LAxion ∝ ∂µθJ
µ
C-S, showing that θ is manifestly dynamical. In this scenario,
the total derivative can be omitted as it does not contribute to the classical field equations, which does not alter the
dynamical content of modified axion electrodynamics. Physically, the electromagnetic interaction of the dynamical
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2axion significantly affects the behavior of electromagnetic propagating modes, as happens with magnetically doped
topological insulators having continuous values of θ, dubbed as topological magnetic insulators [11, 23, 24]. Interesting
effects due to the dynamical axion field have been predicted in the presence of an applied magnetic field, such as the
dynamical chiral magnetic effect, where an alternating electric current is generated by static magnetic fields from
dynamical axion field induced by an antiferromagnetic resonance, which is absent in standard topological insulator.
Given the considerable interest that axions have acquired as a portal to search for signals of new physics, a complete
theoretical understanding of the behavior of axion-photon coupling is essential and deserves further study.
The purpose of the present article is thus to present a systematic and detailed analysis of conserved quantities
and the dynamical structure of modified axion electrodynamics, which usually describes the interaction between a
dynamical axion and the electromagnetic field. To do so, we shall apply the covariant phase space method and the
Faddeev-Jackiw’s Hamiltonian reduction formalism for constrained systems. The former approach provides a powerful
tool for defining conserved charges in a covariant way for generic theories with local gauge symmetries [25, 26]. The
procedure is carried out by keeping track of the surface terms in the variation of the action. Meanwhile, Faddeev-
Jackiw’s formalism allows us to compute the gauge transformations and the structure of the constraints and obtain
the functional measure for the path integral, the quantization bracket structure for all the dynamic variables, and
the physical degrees of freedom in our system [27–30]. This approach does not require to catalogue the constraints
as first- and second-class ones, but it also obviates such a hypothesis as Dirac’s conjecture [31, 32]. Thereby, this
framework gives us a simple and straightforward way to deal with gauge theories because it is algebraically simpler
than Dirac’s formalism. Furthermore, we shall use the Belinfante-Rosenfeld procedure for determining the covariant
improved energy-momentum tensor for the interacting theory [33–35]. Finally, although it is beyond the scope of this
work, this treatment paves the way towards a possible canonical quantization of the theory.
The present work is organized as follows. We start Section II by defining the action principle corresponding to
modified axion electrodynamics. Afterwards, we derive the equations of motion and the boundary term. Section
III presents the construction of conserved charges associated with the gauge symmetry as well as the canonical
and improved energy-momentum tensor. In Section IV, we obtain both the constraint structure and the gauge
transformations by using the zero-modes of the presymplectic matrix. We then determine the fundamental F-J
brackets and the functional measure on the path integral associated with our model by introducing a gauge-fixing
procedure. Finally we present the conclusions in Section. V.
II. THE ACTION PRINCIPLE
Since the axion is a pseudo-Nambu-Goldstone boson arising from a spontaneously broken symmetry[1–5], it can
generically develop couplings to Standard Model particles (e.g. photons) through its derivative, originated from a
universal coupling,
∼ J µPQ∂µθ, (1)
where J µPQ is the conserved current of the global chiral U(1) symmetry. Although the strength of this coupling is
very small for the axion-photon coupling, a method to detect axion dark matter using this type of coupling inside
a topological magnetic insulator has been recently proposed in Ref. [36]. In this work, specifically, we consider the
effective action principle for modified axion electrodynamics, describing the generic coupling of the axions to photons,
defined by [3, 37–39]
S[A, θ] =
∫
M
d4x
(
−
1
16π
FµνF
µν +
κ
16π2
F˜µνA[µ ∂ ν]θ +
1
2
∂µθ∂
µθ − JµAµ
)
. (2)
Here M = R× Σ is a four-dimensional space-time, where Σ represents the three-dimensional space-like hypersurface
and R is a time interval, κ is the parameter characterizing the strength of the axion-photon coupling. θ(x) is the axion
field, F˜µν = (1/2)ǫµνβγFβγ , and J
µ = (̺,J) stands for the electric 4-current. In the following, we use the signature
(1,−1,−1,−1) for the metric, and we further denote the components of x as xµ, µ = 0, 1, 2, 3 and those of x as xa,
a = 1, 2, 3.
Let us begin by deriving the field equations for modified axion electrodynamics. An arbitrary variation of the action
(2) gives the field equations plus a boundary term:
δS[Aµ, θ] =
∫
M
d4x
[(
1
4π
∂µF
µν −
κ
4π2
F˜µν∂µθ − J
ν
)
δAν − ∂µ
(
∂µθ −
κ
8π2
F˜µνAν
)
δθ
+ ∂µ
((
∂µθ −
κ
8π2
F˜µνAν
)
δθ −
1
4π
(
Fµν −
κ
2π
ǫµναβAα∂βθ
)
δAν
)]
. (3)
3As we can see, the first term simply contains the following bulk equations of motion
δAν : ∂µF
µν =
κ
π
F˜µν∂µθ + 4πJ
ν , (4)
here the first term on the right-hand side of Eq. (4) represents the additional contribution to Gauss’s and Ampe`re’s
laws respectively, due to the presence of the dynamical axion field, which leads to an additional current density:
Jνθ = ∂µ
(
(κ/π)θF˜µν
)
= (κ/π)F˜µν∂µθ. In other words, the spatial gradient and time-dependence of θ in a external
electromagnetic field acts as a new source for the standard Maxwell’s equations. Physically, such a topological current
describes the anomalous Hall effect [40] (induced by the spatial gradient of θ) and the dynamical chiral magnetic effect
(generated by magnetic fields from the temporal gradient of θ) [19]. Consequently, taking into account the Lorenz
gauge defined by ∂µA
µ = 0, the equation of motion for Aµ (4) reduce to(
−ηνβ−
κ
π
∂µθǫ
µνα
β∂α
)
Aβ = 4πJν , (5)
where  is the d’Alembertian  ≡ ∂µ∂
µ. A general solution of these coupled differential equation can be expressed
by using the Green’s function found in [41, 42].
On the other hand, it is evident that the variation of the action (2) does not give rise to the full set of Maxwell
equations. Nevertheless, the homogeneous axion electrodynamics equations that express the field-potential relation-
ship, i.e., Gauss law for magnetism and Faraday law, can be derived from a geometric property of electrodynamics,
i.e. the Bianchi identity
∂µF˜
µν = 0, (6)
which does not get modified by including the axion field.
Moreover, from the second term of Eq. (3), one gets the massless axion field equation
δθ : ∂µ
(
∂µθ −
κ
8π2
F˜µνAν
)
= 0, (7)
which implies the existence of a conserved topological current in the sense that ∂µJ˜
µ = 0, where J˜ µ is given by
J˜ µ = ∂µθ −
κ
8π2
(
ǫµναβAν∂αAβ
)
. (8)
From the above equation it can be easily seen that the second term is the Chern-Simons term for photon, which
instead of being defined in three-dimensions it is defined in four-dimensions. Hence, the axion’s influence can be
interpreted as a topological effect.
Finally, it is worth noticing that to have a well-defined action principle, it is necessary that field equations hold and
that the surface term vanishes for a set of given boundary conditions on fields, that is(
∂µθ −
κ
8π2
ǫµναβAν∂αAβ
)
∂M
= 0, (9)(
Fµν −
κ
2π
ǫµναβAα∂βθ
)
∂M
= 0. (10)
At this point, it is important to remark that all the above set of field equations derived from Eq. (2) constitute the
axion electrodynamics theory including the dynamical axion field.
III. CONSERVED CHARGES AND ENERGY-MOMENTUM TENSOR
For simplicity, let us consider modified axion electrodynamics with no external sources, i.e. Jµ = 0. To compute the
charges we can use the covariant phase space method [25, 26]. According to the action principle, when we calculate
the variation of the action and restrict to on-shell field configurations, the result is a total derivative which defines
the presymplectic potential density Θµ for the theory on the space of solutions to the field equations. In our case, we
immediately see that
Θµ [ΞI , δΞI ] =
(
∂µθ −
κ
8π2
F˜µνAν
)
δθ −
1
4π
(
Fµν −
κ
2π
ǫµναβAα∂βθ
)
δAν . (11)
4Here all dynamical fields in the theory are collectively denoted by ΞI , and therefore δΞI is a generic set of field per-
turbations. Now, given two independent field variations δ1ΞI and δ2ΞI , the antisymmetrized variation of the presym-
plectic potential density Θµ defines the presymplectic current ωµ [ΞI , δ1ΞI , δ2ΞI ] ≡ δ1Θ
µ [ΞI , δ2ΞI ]− δ2Θ
µ [ΞI , δ1ΞI ].
Accordingly, we find
ωµ [ΞI , δ1ΞI , δ2ΞI ] =
(
∂µδ1θ −
κ
8π2
Aνδ1F˜
µν −
κ
8π2
F˜µνδ1Aν
)
δ2θ
−
1
4π
(
δ1F
µν −
κ
2π
ǫµναβ (Aα∂βδ1θ + ∂βθδ1Aα)
)
δ2Aν − (1↔ 2) . (12)
To define the conserved charges, we need to compute ωµ [ΞI , δΞI , δηΞI ] with δη being a specific set of transformations
parametrized by an arbitrary scalar function η. Using the gauge transformations for modified axion electrodynamics
(58) and (59) (we will derive these transformations below after discussing the constraints structure of the theory in
Section IV), Eq. (12) takes the form
ωµ [ΞI , δΞI , δηΞI ] =
1
4π
(
δ
(
−Fµν +
κ
π
θF˜µν
)
+
κ
2π
ǫµναβ∂β (2θδAα +Aαδθ)
)
∂νη. (13)
Using the equations of motion for the linearized field perturbations, the presymplectic current (13) can be written,
on-shell, as
ωµ [ΞI , δΞI , δηΞI ] =
1
4π
∂ν
(
δ
(
−Fµν +
κ
π
θF˜µν
)
η −
κ
2π
ǫµναβ∂α (2θδAβ +Aβδθ) η
)
. (14)
Hence, the presymplectic current ωµ contracted with the gauge transformations δη is an exact on-shell form. Notwith-
standing the above, the presymplectic current ωµ is ill-defined due to the presence of the last term; however, it is
important to note that Θ can be shifted as follow [25, 26]
Θ′µ [ΞI , δΞI ] −→ Θ
µ [ΞI , δΞI ] + δ∆
µ [ΞI ] , (15)
such that, once we have taken the contribution of ∆ into account, the ambiguity in Eq. (14) is removed. Choosing
∆µ = (κ/8π2)θǫµναβAν∂αAβ yield the new presymplectic current
ω′µ [ΞI , δΞI , δηΞI ] =
1
4π
δ
(
−Fµν +
κ
π
θF˜µν
)
∂νη, (16)
which can be rewritten as
ω′µ [ΞI , δΞI , δηΞI ] =
1
4π
∂ν
(
δ
(
Fµν −
κ
π
θF˜µν
))
η +
1
4π
∂ν
(
δ
(
−Fµν +
κ
π
θF˜µν
)
η
)
. (17)
It has been assumed that the boundary ∂M of M admits a canonical split with the identification of a Cauchy
hypersurface Σ, and that Σ has a boundary ∂Σ a 2-surface in ∂M, which is often the case in situations of physical
relevance. It guarantees that the phase space contains all degrees of freedom. We can then integrate ω′ over the
Cauchy surface to define on-shell the charge perturbations δQ′η associated with η,
δQ′η =
∫
Σ
ω′ [ΞI , δΞI , δηΞI ] =
1
4π
∮
∂Σ
d2Σµνδ
(
−Fµν +
κ
π
θ(x)F˜µν
)
η. (18)
From this is clear that the presymplectic structure defined by Ω ≡
∫
Σ
ω′ has degenerate gauge directions inside the
Cauchy surface, but not on its boundary. Therefore, the Noether charge is given by a codimension-two integral, this
simply means that the conserved charge is a surface charge. In this way, by integrating over variations, we find out
that the finite charge of the system turns out to be
Q′η =
∮
∂Σ
d2Σµν
(
−
1
4π
Fµν +
κ
4π2
θ(x)F˜µν
)
η. (19)
Besides, it follows that in the scenario where η −→ 1 near the boundary, we find that Q′ =∮
∂Σ d
2Σµν
(
−(1/4π)Fµν + (κ/4π2)θ(x)F˜µν
)
, which simply reduces to the Noether electric charge plus a magnetic
charge induced by the space-time dependent axion coming from a topological origin, as shown in Eq. (8).
Furthermore, the charges can be written in terms of electric and magnetic fields E and B. This can be achieved
by taking the Cauchy surface Σ to be the t = constant surface, such that the boundary ∂Σt is a sphere S of constant
5radius r → ∞. Then we can use the standard notation E = Ea = F a0, B = Ba = ǫ0abc∂bAc, for the electric and
magnetic field intensity, respectively. Hence from our previously calculated expression for Q′, Eq. (19), we find that
Q′ =
1
4π
∮
S
d2S
(
E+
κ
π
θ(x)B
)
· n. (20)
where n is a unit vector normal to the sphere.
On the other hand, the canonical stress tensor of the physical system under consideration, in the absence of a source
of photons, can be obtained from the Lagrangian density in Eq. (2) in a straightforward way:
T µνcan ≡
∂L
∂(∂µAγ)
∂νAγ +
∂L
∂(∂µθ)
∂νθ − ηµνL (21)
= −
1
4π
Fµα∂νAα −
κ
8π2
ǫµαβγ∂αθAβ∂
νAγ −
κ
8π2
F˜µαAα∂
νθ + ∂µθ∂νθ − ηµνL, (22)
which is neither symmetric in its indices nor gauge invariant in general and thereby needs to be improved. This can
be achieved by using the Belinfante-Rosenfeld procedure whose goal is to construct a symmetric energy-momentum
tensor (EMT) out from the canonical stress tensor [33–35]. In the Belinfante-Rosenfeld construction, the resulting
improved EMT T µνimp is given by
T µνimp −→ T
µν
can + ∂γΣ
µνγ . (23)
Here Σµνγ = −Σµγν is some superpotential antisymmetric in the last pair of indices so that it is off-shell divergenceless,
and therefore it does not spoil the conservation law ∂νT
µν
imp = ∂νT
µν
can + ∂ν∂γΣ
µνγ = ∂νT
µν
can = 0. Choosing Σ
µνγ =
−(1/4π)(Fµν + (κ/2)∂αθǫ
αβµνAβ)A
γ yields the improved on-shell EMT that describes the interaction of the axion
field with the electromagnetic field
T µνimp = −
1
4π
FµαF να + η
µν 1
16π
FαβF
αβ −
κ
8π2
∂νθF˜µαAα + ∂
µθ∂νθ − ηµν
1
2
∂αθ∂
αθ. (24)
It is important to note that the term (κ/8π2)∂µθAν F˜
µν present in the action (2), which contributes the third and
sixth term to (24), renders the improved non-symmetric energy-momentum tensor, which indicates Lorentz violation.
Nevertheless, T µνimp satisfies the correct conservation law in the sense that its on-shell divergence vanishes, ∂µT
µν
imp = 0.
Besides, the above improved tensor (24) reduces to Maxwell’s stress tensor if we set θ = constant. Remarkably, the
components of the improved EMT (24) contain the proper energy density E (T 00imp), the momentum density coincident
with the total energy flux Pa (T 0aimp), and also the energy flux S
a (T a0imp). In terms of fields and potentials they are
given by
E =
1
8π
(
E2 +B2
)
−
κ
8π2
∂0θB ·A+
1
2
∂0θ∂
0θ −
1
2
∂aθ∂
aθ, (25)
Pa =
1
4π
(E×B)
a
−
κ
8π2
∂aθB ·A+ ∂0θ∂aθ, (26)
Sa =
1
4π
(E×B)
a
+
κ
8π2
∂0θ (A×E)
a
−
κ
8π2
∂0θBaA0 + ∂
0θ∂aθ. (27)
The second term in the components of the improved energy-momentum tensor (25)-(26) is identified as the magnetic
helicity density B ·A, which measures the winding of magnetic lines of force and/or fluid vortex lines, whereas the
second term in Eq. (27) is the spin angular momentum density A × E of the electromagnetic field. Let us finally
point out that the helicity density is induced by the time derivative of the axion field which could also be identified
with the chiral chemical potential µ5 = ∂0θ [38].
IV. CANONICAL ANALYSIS IN THE SYMPLECTIC FRAMEWORK
We now proceed to the canonical analysis of the modified axion electrodynamics theory coupled to an external
source J0. We apply the symplectic framework for constrained systems [27]. This is a different method from the
well-known Dirac approach [31, 32]. At first, we begin by slicing the four-dimensional spacetime manifold, separating
the temporal components from the spatial ones of our fields and their derivatives without fixing any gauge. After
6performing the (3 + 1) decomposition, the action (2) can be expressed as
S =
∫
R
dtL =
∫
R
dt
∫
Σ
dx
[
A0
(
1
8π
∂aF
a0 +
κ
8π2
ǫ0abcPaFbc − J
0
)
+ A˙a
(
1
8π
F a0 +
κ
8π2
ǫ0abcAbPc
)
+ θ˙
(
1
2
θ˙ −
κ
16π2
ǫ0abcAaFbc
)
−
1
16π
FabF
ab +
1
2
PaP
a + ∂a
(
1
8π
A0
(
F 0a −
κ
π
ǫ0abcAbPc
))]
. (28)
Here Fab = ∂aAb − ∂bAa is the field strength of Aa and Pa = ∂aθ. To proceed with the canonical analysis, it is
convenient to transform the Lagrangian in Eq. (28) into a first-order Lagrangian. To this end, we define the canonical
momenta (Π0,Πa, P ) conjugate to the fields (A0, Aa, θ), respectively, as
Π0 ≡
δL
δA˙0
= 0, (29)
Πa ≡
δL
δA˙a
=
1
4π
(
F a0 +
κ
2π
ǫ0abcAbPc
)
, (30)
P ≡
δL
δθ˙
= θ˙ −
κ
16π2
ǫ0abcAaFbc. (31)
Thus, after performing a Legendre transformation, we can rewrite the Lagrangian in Eq. (28) as a first-order one in
time derivatives as follows
L =
∫
Σ
dx
[
A˙aΠ
a + θ˙P + A0
(
∂aΠ
a +
κ
16π2
ǫ0abcFabPc − J
0
)
−
1
16π
FabF
ab +
1
2
PaP
a
+ 2π
(
Πa −
κ
8π2
ǫ0abcAbPc
)2
−
1
2
(
P +
κ
16π2
ǫ0abcAaFbc
)2
− ∂a (A0Π
a)
]
, (32)
which is convenient for analyzing the dynamics on Σ in the symplectic framework. Thus, without loss of generality,
the action functional Eq. (32) can be schematically written in the symplectic form, up to a boundary term, as
S =
∫
R
dt
∫
Σ
(
aI(ξ)ξ˙
I −H(ξ)
)
dx, (33)
which is first-order in time derivative ξ˙, where ξ stands for the collection of all the fields and momenta of the theory.
The first term in Eq. (33) defines the so-called canonical one-form a = aI(ξ)ξ
I , whereas the second term represents the
symplectic potential which can also be identified with the canonical Hamiltonian densityH. For axion electrodynamics,
the set of initial symplectic variables as well as the corresponding canonical one-form can be identified easily from the
first-order Lagrangian (32) as follows
ξI = (A0, Aa,Π
a, θ, P ), (34)
aI = (0,Π
a, 0, P, 0). (35)
On the other hand, the Hamiltonian density can be read off from the Lagrangian (32)
H = −A0
(
∂aΠ
a +
κ
16π2
ǫ0abcFabPc − J
0
)
+
1
16π
FabF
ab −
1
2
PaP
a
−2π
(
Πa −
κ
8π2
ǫ0abcAbPc
)2
+
1
2
(
P +
κ
16π2
ǫ0abcAaFbc
)2
. (36)
In the symplectic picture, the equations of motion deduced from the above action principle (33) can be written in a
first-order form as ∫
dx
(
FIJ(x,y)ξ˙(x)
J −
δH(x)
δξI(y)
)
= 0. (37)
Note that the dynamics of the model is then characterized by the so-called presymplectic two-form matrix, which is
defined by
FIJ(x,y) ≡
δaJ(x)
δξI(y)
−
δaI(y)
δξJ (x)
. (38)
7Clearly FIJ is an antisymmetrical matrix that can be either singular or non-singular. According to the symplectic
approach, if the matrix FIJ is non-singular, then its inverse can be obtained solving the following relation∫
dz (FIK(x, z))
−1 FKJ(z,y) = δJI δ
3(x− y), (39)
where (FIK)
−1
denotes the inverse matrix of FKJ . As a consequence, the Eqs. (37) can be solved in terms of ξ˙I :
ξ˙I(y) =
∫
dz(FIJ (y, z))−1
∫
dx
δH(x)
δξI(z)
. (40)
In our model, the corresponding presymplectic matrix, using expression (38) and symplectic variable set (34) as well
as corresponding presymplectic one-form (35), is explicitly given as follows,
FIJ(x,y) =

0 0 0 0 0
0 0 −δab 0 0
0 δab 0 0 0
0 0 0 0 −1
0 0 0 1 0
 δ3(x− y). (41)
It is not difficult to see that the two-form matrix (41) is certainly singular, since det|FIJ | = 0. In other words, FIJ is
degenerate which means that there are more degrees of freedom in the equations of motion (37) than physical degrees
of freedom in the theory. This suggests the existence of constraints in the system which must remove the unphysical
degrees of freedom. In the symplectic formalism, the constraints emerge as algebraic relations necessary to maintain
the consistency of the equations of motion. It is straightforward to determine that FIJ has the following zero-mode
vI =
(
vA0 , 0, 0, 0, 0
)
, (42)
where vA0 is a totally arbitrary function. According to the symplectic formalism, the multiplication of this zero-mode
by the gradient of the Hamiltonian leads to the following expression∫
dy vI(y)
∫
dx
δH(x)
δξI(y)
=
∫
dy vA0
(
∂aΠ
a +
κ
16π2
ǫ0abcFabPc − J
0
)
= 0, (43)
since vA0 is an arbitrary function, we obtain the following constraint on the dynamics
Ω = ∂aΠ
a +
κ
16π2
ǫ0abcFabPc − J
0 = 0, (44)
which makes evident that the zero-modes of the presymplectic matrix encode the information of the constraint. This
constraint is the Gauss-law constraint reflecting the gauge invariance of the theory. Now, one can demand the stability
of the constraint (44), which guarantees its time-independence. This means that the constraints should remain on the
constraints surface during their evolution. This condition must be incorporated into the original action (33) through
the Lagrangian multiplier λ, augmenting the initial Lagrangian density (33) by the term λΩ˙. However, it is better to
include the constraint into the system in the form −λ˙Ω, instead of the λΩ˙. The difference, being a full time-derivative,
which does not modify the dynamics, that is
λΩ˙ =
d
dt
(λΩ) − λ˙Ω. (45)
In this way, discarding total time derivatives, we can write the first-iterated Lagrangian density as
L(1) = aI(ξ)ξ˙
I − λ˙Ω−H(1)(ξ), (46)
where the first-iterated Hamiltonian density is obtained by the relation
H(1)(ξ) = H(ξ)

Ω=0
. (47)
It is worth remarking that the presence of A0 has disappeared because the constraint (44) has been put into the
kinetic part of the Lagrangian density (46). In this way, by defining the new set of symplectic variables and the
one-form respectively as
ξ(1)I = (Aa,Π
a, θ, P, λ), (48)
a(1)I = (Π
a, 0, P, 0,−Ω); (49)
8we obtain the explicit expression of the first-iterated presymplectic matrix
F
(1)
IJ (x,y) =

0 −δab 0 0 −A
ac∂xc
δab 0 0 0 −∂xa
0 0 0 −1 −Bc∂xc
0 0 1 0 0
Abc∂yc ∂yb B
c∂yc 0 0
 δ3(x− y). (50)
Here, we have defined Aac ≡
(
κ/8π2
)
ǫ0abcPb and B
c ≡
(
κ/16π2
)
ǫ0abcFab. From the above singular matrix we can
obtain the following non-trivial zero-mode
v(1)I = (−∂ya ,A
ac∂yc , 0,B
c∂yc ,−1) . (51)
However, if we multiply this zero-mode by the gradient of first-iterative Hamiltonian (47) we will find that there
are no further constraints in the theory. This is an expected situation since this theory must have a local gauge
symmetry. Following the symplectic framework, the zero-modes must act as the generators of the corresponding gauge
symmetry ‘δG’ on the symplectic variables, that is, the components of the zero-mode should give the transformation
properties related to the underlying symmetry through the whole phase space [28, 29]. Thus, the local infinitesimal
transformations, corresponding to the symplectic variables (48) and generated by v(1)I (51), can be written as
δGξ
(1)
I = v
(1)
I η, (52)
with η an arbitrary infinitesimal parameter. From the above expression (51) we can immediately obtain the following
infinitesimal gauge transformations
δGAa = −∂aη, (53)
δGΠ
a =
κ
8π2
ǫ0abcPb∂cη, (54)
δGθ = 0, (55)
δGP =
κ
16π2
ǫ0abcFab∂cη, (56)
δGλ = −η. (57)
In particular, we can identify −λ˙ with A0 such that all the physical quantities, i.e observables, are invariant under
the following transformations
Aµ −→ Aµ + ∂µη, (58)
θ −→ θ. (59)
Note that the generator of such gauge transformation has been identified directly from the structure of the zero-mode
(51), thereby making evident that the zero-mode of the presymplectic two-form matrix encode all the information of
the gauge symmetry of our theory.
Now, to define the quantization brackets and also find the physical degrees of freedom, one can fix the gauge freedom
associated to the singularity in the presymplectic matrix (50) by imposing additional conditions (gauge conditions).
For electromagnetic fields, the condition usually employed to gauge fix is the Coulomb gauge. It satisfies the equation
Φ = ∂aA
a = 0. (60)
Then, introducing this gauge condition into the Lagrangian density (46) through the Lagrange multiplier α, we arrive
at the following second-iterated Lagrangian density
L(2)(ξ, ξ˙) = a
(1)
I (ξ)
T ξ˙(1)I − α˙Φ−H(2)(ξ), (61)
where H(2) is given by
H(2) =
1
16π
FabF
ab −
1
2
PaP
a − 2π
(
Πa −
κ
8π2
ǫ0abcAbPc
)2
+
1
2
(
P +
κ
16π2
ǫ0abcAaFbc
)2
. (62)
The Lagrangian density in (61) allows us read off the new set of symplectic variables, ξ(2)I = (Aa,Π
a, θ, P, λ, α).
This allows us to identify the components canonical one-form a(2)I = (Πa, 0, P, 0,−Ω,−Φ). In this manner, using the
9presymplectic matrix definition in Eq. (41) again, we have the second-iterated two-form matrix
F
(2)
IJ (x,y) =

0 −δab 0 0 −A
ac∂xc −∂
a
x
δab 0 0 0 −∂
a
x
0
0 0 0 −1 −Bc∂xc 0
0 0 1 0 0 0
Aac∂yc ∂ya B
c∂yc 0 0 0
∂ya 0 0 0 0 0
 δ3(x− y). (63)
Using the standard identity for any matrix(
A B
C D
)
=
(
A 0
C 1
)(
1 A−1B
0 D−CA−1B
)
, (64)
where A and D are square matrices, but B and C need not be square. We can see that
det
(
A B
C D
)
= (detA)
(
det
[
D−CA−1B
])
. (65)
Hence, making use of (65), and after a few algebra, it is possible to show that the determinant of the matrix F
(2)
IJ is(
detF
(2)
IJ (x,y)
)1/2
= det
∣∣∇2δ3(x− y)∣∣ 6= 0. (66)
Thus, it is clear that F
(2)
IJ is not singular, and therefore the inverse of this matrix exists: it is dubbed as the symplectic
two-form matrix. Now, it is interesting to note that according to Toms approach [30], the functional measure on the
path integral associated with our model, in the physical Coulomb gauge, can be written out explicitly as
dµ =
(∏
I
[
Dξ
(2)
I
])(
detF
(2)
IJ (x,y)
)1/2
=
(∏
I
[
Dξ
(2)
I
])
det
∣∣∇2δ3(x− y)∣∣ . (67)
A direct consequence of the last equation is that the quantum transition amplitude can now be obtained by performing
the integration over DλDα:
Z =
∫
[DADΠDθDP ] det
∣∣∇2δ3(x− y)∣∣ δ3 (Ω) δ3 (Φ) exp{ i
~
∫ (
A˙aΠ
a + θ˙P −H(2)
)
d4x
}
. (68)
Also, after a straightforward calculation, we obtain the symplectic two-form matrix,
(
F
(2)
IJ (x,y)
)−1
=

0 ∆ba(x) 0 0 0 −
∂a
x
∇2
x
−∆ba(y) 0 0 0 −
∂a
x
∇2
x
0
0 0 0 1 0 0
0 0 −1 0 0 0
0
∂a
y
∇2
y
0 0 0 − 1
∇2
x
∂a
y
∇2
y
0 0 0 1
∇2
y
0

δ3(x− y), (69)
where ∆ba(x) ≡
(
δba −
∂xa∂
b
x
∇2
x
)
is the transverse projective operator and 1/∇2
x
is the inverse Laplacian operator. As a
result, the form of the symplectic matrix (69) defines the brackets {• , •}F-J, dubbed as the Faddev-Jackiw fundamental
brackets, between any two elements of the symplectic variables set ξ
(2)
I (x) over the phase space through{
ξ
(2)
I (x), ξ
(2)
J (y)
}
F-J
=
(
F
(2)
IJ (x,y)
)−1
. (70)
In this way, we can read off the non-vanishing brackets between canonical variables{
Aa(x),Π
b(y)
}
F-J
= ∆ba(x)δ
3(x− y), (71)
{θ(x), P (y)}F-J = δ
3(x− y). (72)
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Then it is straightforward to see that the brackets (71) and (72) or equivalently the symplectic two-form (69) do not
satisfy the common canonical commutation relations.
Now, we need a Poisson bracket for observables on Σ. Such a bracket should agree with the commutator in the
classical limit. To be precise, for any two observables A, B defined on the phase space which owns itself a symplectic
structure as
{
ξ
(2)
I , ξ
(2)
J
}
F-J
, we can use the following relation
{A(ξ), B(ξ)} =
∑
I,J
∫
d3r
δA(ξ)
δξI(r)
(
F
(2)
IJ
)−1 δB(ξ)
δξJ (r)
. (73)
This can be taken as the definition of the Poisson bracket.
The canonical quantization can be fully made at tree level by the replacement of classical observables and Poisson
brackets by the quantum operators commutators, respectively, according to
{A(x), B(y)} −→
1
i~
[
Aˆ(x), Bˆ(y)
]
, Oˆ|ψ〉 = 0, (74)
where Oˆ is any operator associated with an observable (or constraint) and |ψ〉 is any quantum state.
Finally, the number of propagating degrees of freedom may be calculated in the phase space from the relation
N =
1
2
(N1 −N2 −N3) , (75)
where N1 is the number of field components in ξI = (A0, Aa,Π
a, θ, P ), N2 is the number of fields eliminated (A0),
and N3 is the number constraints including gauge fixing conditions. Hence, it is concluded that contrary to standard
electrodynamics, axion electrodynamics has 12 (9− 1− 2)= 3 physical degrees of freedom on Σ; two degrees of freedom
for the photon and another for the axion.
V. SUMMARY AND CONCLUSION
In this work, we have studied the conservation laws and dynamical structure of (3+1)−dimensional modified axion
electrodynamics theory. We have started by reviewing some known results that exist in the literature concerning field
equations. Thereafter, using the covariant phase space method, we have built the Noether charges associated with
the gauge transformations of the theory. Such charges turned out to be the sum of the Noether electric charge plus a
magnetic charge induced by the dynamical axion field. Furthermore, we have already inferred the improved energy-
momentum tensor by adding a superpotential term to the canonical energy-momentum tensor, which, however, remains
antisymmetric making evident the absence of Lorentz invariance in the theory. After constructing the improved energy-
momentum tensor, we have determined the expressions for the energy density, momentum density, and energy flux
density, respectively. Interestingly, these expressions are not gauge invariant due to A.
Furthermore, in the Faddev-Jackiw symplectic framework, we have derived the transformation laws for all the
set of dynamical variables corresponding to gauge symmetries of the system, which have been used to compute the
conserved charges. Additionally, we have used an appropriate gauge-fixing procedure, the Coulomb gauge, to compute
the quantization brackets and also obtain the functional measure on the path integral associated with our model. A
direct consequence of this is that the quantum transition amplitude expression can now be constructed by following
the procedure developed in Ref. [30]. We conclude our study by confirming that axion electrodynamics has three
physical degrees of freedom per space point: two degrees of freedom for the photon and another for the axion. One of
the interesting features of this analysis is the fact that both the gauge symmetry and the constraint structure of this
model have been directly extracted by studying only the properties of the presymplectic matrix and its corresponding
zero-modes.
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